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SYMPLECTIC AND HYPERKAHLER STRUCTURES IN A 
DIMENSIONAL REDUCTION OF THE SEIBERG-WITTEN 
EQUATIONS WITH A HIGGS FIELD 


RUKMINI DEY 


Abstract. In this paper we show that the dimensionally reduced Seiberg- 
Witten equations lead to a Higgs field and study the resulting moduli spaces. 
The moduli space arising out of a subset of the equations, shown to be non¬ 
empty for a compact Riemann surface of genus g > 1, gives rise to a family of 
moduli spaces carrying a hyperkahler structure. For the full set of equations 
the corresponding moduli space does not have the aforementioned hyperkahler 
structure but has a natural symplectic structure. For the case of the torus, 
<7 = 1, we show that the full set of equations has a solution, different from the 
“vortex solutions”. 


1. Introduction 

Dimensional reductions of various gauge theories from four dimensions to two 
dimensions have proved to be geometrically very rich. For example, the moduli 
space of solutions to the dimensional reduction of the self-dual Yang-Mills equations 
over a Riemann surface, fl-fl , exhibits, among other things, beautiful hyperkahler 
structures. 

It is important to study the analogous questions for the Seiberg-Witten equa¬ 
tions. Though the main context of Seiberg-Witten theory is in four dimensions, 
the 2-dimensional reduction also seems worth exploring. A reduction which gives 
the “vortex” equations have been studied extensively e.g. Taubes |jo|, Bradlow, 
Garcia-Prada [||, Olsen |2(|, Nergiz and Saclioglu Q, Q and others. This reduc¬ 
tion does not have a Higgs field. 

In the present paper we study a more general dimensional reduction of the 
Seiberg-Witten equations which gives three equations. The novel feature is the 
presence of a Higgs field, which in our case is an imaginary valued 1-form. In the 
first few sections we consider the solutions to a subset of the equations, namely, 
[(2.1), (2.2)] for genus g > 1 compact Riemann surfaces. The resulting moduli 
spaces which we denote by M and are hyperkahler. This is partly due to the 
presence of the Higgs field, d>. 

In parallel we show that the full set of equations [(2.1) — (2.3)] has a solution 
with <t> ^ 0 in the case of genus g = 1 compact Riemann surface. We assume that 
solutions exist for genus g > 1 as well. The corresponding moduli space which 
we denote by A f has a symplectic and almost complex structure. The hyperkahler 
structure, however, does not descend to Af. Setting $ = 0 results in “vortex” 
equations. We calculate the “virtual” dimensions of the moduli spaces. 
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2. Dimensional Reductions of the Seiberg-Witten equations 

In this section we dimensionally reduce the Seiberg - Witten equations on R 4 to 
R 2 and define them over a compact Riemann surface M. 


2.1. The Seiberg-Witten equations on R 4 : This is a brief description of the 
Seiberg-Witten equations on R 4 , ^8|, jj[], Q . 

Identify R 4 with the quaternions H (coordinates x = (xi,x 2 ,x 3 ,X 4 ) identified 
with ( = (Ci, C 2 ) C 3 > C 4 )) and let {d, i = 1,2, 3,4} be a basis for H. Fix the constant 

0 7(0 


spin structure T : H = T X M —> C 4x4 , given by T(C) = 


, where 


7(0 = 
where 


Ci + K 2 — C3 — *C4 
C 3 — Ki Cl ~ *C2 


7 ( 0 * 0 

. Thus 7 (ei) = Id, j(e 2 ) = 1 , 7 (^ 3 ) = J, 7 (^ 4 ) = K 


I = 


i 0 
0 -i 


,J = 


0 -1 

1 0 


,K = 


0 -i 
-i 0 


so that IJ = K, JK = I, KI = J and I 2 = J 2 = K 2 = —Id. 

Recall that Spin c ( R 4 ) = (Spin( R 4 ) x S 1 )/ Z 2 . Since Spin( R 4 ) is a double cover 

of 5*0(4), a spin c - connection involves a connection u> on TH and a connection 
4 

A = i Ajdxj £ ST 1 (HI, iR) on the characteristic line bundle 11 x C which arises 
0 =1 

from the S ' 1 factor (see Q, Q, jl] for more details). We set u> = 0. which is 
equivalent to choosing the covariant derivative on the trivial tangent bundle to be 
d. This is legitimate since we are on R 4 . The curvature 2-form of the connection 
A is given by F(A) = dA £ S2 2 (H, *R). Consider the covariant derivative acting 
on 4 1 £ C'°°(H, C 2 ) (the positive spinor on R 4 ) induced by the connection A on 
II x C : Vjty = +iAj)'S>. Then according to ||^], the Seiberg-Witten equations 

for (A, W) on R 4 are equivalent to the equations: 

(SW1) : Vi^ = IV 2 V + JVg'F + KV^, 


(SW2a) : F 12 + F 3 4 = = |(|^| 2 - |^ 2 | 2 ) = \rii, 


(SW2b) : F 13 + F 42 = Jty = i(Imil)\%j} 2 ) = §« 
(SW2c) : F 14 + F 23 = 1 ^ 2 ) = 




where 'I 7 = 


V’i 

1 p 2 


2.2. Dimensional Reduction to R 2 . : Using the same method of dimensional 
reduction as in [ |l4| , we get the general form of the reduced equations which contain 
the so-called Higgs field. Namely, impose the condition that none of the Aj’s and 

in (SW1) and (SW2) depend on x 3 and X4, i.e. A t = Ai{x\,x 2 ), *F = ^{x\,x 2 ) 
and set </>i = — iA 3 and </> 2 = — 1 A 4 . The ( SW2 ) equations reduce to the following 
system on R 2 , Fi 2 = Irji , and two other equations, which, after introducing complex 
coordinates z = x 1 + ix 2 , can be rewritten as: = —1 (jj 2 4 - irj 3 ) = —'ipi'ijj 2 , 

where ^ = 5 ( 9 ^- + *q§^-). Setting (j) 1 + i(j ) 2 = </> and u> = idz A dz we rewrite the 
reduction of (SW2) as the following two equations, 

(!) F i A ) = fd^il 2 - IV>2| 2 )w, 

( 2 ) 2<9<f> = —i(il)ii/j 2 )u) 

where $ = (j)dz — cj)dz £ 0 4 (R 2 ,*R) &ndipi,ip 2 £ C°°(R 2 ,C) are spinors on R 2 . 
Next consider the Dirac equation (SW1): 
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Vi i/j — /V 2 ip — JV3^ — KV41P = 0 which is rewritten as 
g§- + Zv4l - i-£- + A 2 
-iA 3 + - A 4 


d^ + lA z 


i-zz - A. 


dx 3 


d 

dxi 


iAi 


dx 4 

d 


v dx 2 


4 

_ ^2 


4>i 

fa 


= 0 . 


Introducing A = |(Hi — iA 2 )dz and —A = %(Ai + iA 2 )dz where the total 
connection A — A = i(A 4 dx + A 2 dy) we can finally write it as 


(3) 


~^(j)dz {d — A) 
(d + A) — Hz 


4>i 

V’2 


= 0 


We call equations (1)—(3) as the dimensionally reduced Seiberg-Witten equations 
over C. 


2.3. The Dimensionally Reduced Equations on a Riemann surface. Let 

M be a compact Riemann surface of genus g > 1 with a conformal metric ds 2 = 
h 2 dz <g> dz and let ui = ih 2 dz A dz be a real form proportional to the induced 
Kahler form. Let I be a line bundle with a Hermitian metric H. Let be 

sections of the line bundle L i.e., ipi, il> 2 £ r(M, L). Then we have an inner product 
< >h and norm \i/j\h £ C°° of the sections of L. Let A — A be a unitary 

connection on L and d> = (f>dz — (j)dz £ j]R). We will assume that 4/ = 

is not identically zero. We can rewrite the equations (1) — (3) in an invariant form 
on M as follows: 


V’i 

V>2 


( 2 . 1 ) 


F{A) = i 


: m 2 H ~w 2 


H, 


■u, 


( 2 . 2 ) 


2dd) = — * < 1pi,1p2 >H u>, 


— \4>dz 

d-A 

ipi 

d + A 

~^4>dz 

. '^ 2 


Note: Equation (2.3) has two equations. One equation (2.3a) comes with —A 
and the other one (2.3 b) with A. This is unitarity of the connection A — A on the 
line bundle, 0- Setting d) = 0 in equation (2.2) and (2.3) we obtain the usual 
vortex equations (where either ij}\ or ip 2 is zero). 

Let C = A x T(M, L © L) x H , where A is the space of connections on a 
line bundle L , T(M, L © L) the space of sections of the bundle L © L and be 
Q 1 (M, zK), the space of Higgs fields. The gauge group Q = Maps(M,U( 1)) acts 
on B as (^4, \E, H>) —> {A + u~ 1 du,u~ 1 \ I/, <E>) and leaves the space of solutions to 
(2.1) — (2.3) invariant. There are no fixed points of this action. Because a fixed 
point would mean that there is a connection Aq such that Ag + u~ x du = Aq for all 
u in the gauge group. This is not possible. We assume throughout that 4 is not 
identically zero. 

Taking the quotient by the gauge group of the solutions to (2.1) — (2.3) we obtain 
a moduli space which we denote by A f. Let us denote the moduli space of solutions 
to (2.1) — (2.2) as A4 where we let the equivalence class of vary. We define a 
new moduli space E[^], by fixing an equivalence class of d 1 as follows. Choose an 
appropriate 4/ such that < ipi,ip 2 > ui is 9-exact and letW=Alx{G-\l/}x?fc£ 
wliere {G ■ \k} is the orbit of 4/ due to action of the gauge group. Let Si = W D S, 
where S is the solution space to equations (2.1) and (2.2) on C. Define = S\/G. 
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Any point p £ E^ is given by p = ([(A, 'I', $]) where $ is now fixed, [■, ■, •] denotes 
the gauge equivalence class and (A, $, $) satisfy equations (2A) and (2.2). <Si 
essentially consists of (A, $) £ A x H such that dA = \f\w and 29$ = / 2 u;, where 
fi = IV’il h ~ |^ 2 1 h an d fi = < V’i ;' ! / , 2 >h £ C°°(M). We will see that if 

(A, $) £ then if one changes A —> A' = A + a such that da = 0, a unique 
upto exact forms, and $ 0,1 —> $ ,0>1 = $ 011 + p 0 ’ 1 such that Bp 0,1 = 0 then, the 
(A',$') £ E[^j. Thus E[^j is an affine space. 

Proposition 2.1. If L is a trivial line bundle on a compact Riemann surface of 
genus g = 1 then (2.1) — (2.2) have a solution ( with $ ^ 0, $ ^ 0/ If L = I\~ x 
on a compact Riemann surface of genus > 1 then (2.1) — (2.2) has a solution (with 
$ ^ 0, $ ^ 0). Thus M, E^ is non-empty. 

Proof. For genus g = 1 let us take a metric of the form ds 2 = dz (g> dz. Let = 1 
and $2 = e I/3 = e l ^ kz+kz ' > be an eigenfunction of the Laplacian with eigenvalue —1, 
i.e. |fc| = 1. Let A be any flat connection and (f>dz = —2_ They satisfy (2.1) 

and (2.2). The reason for this kind of solution will be clear in proposition (gj). 

For g > 1, L = K~ x has a metric same as the metric on the surface ds 2 = 
h 2 dz (g> dz , so that we can write h instead of H. We take A — A to be the usual 
connection induced by the metric i.e. A = 9l °s h and A = dl g? h p~2| . Then F(A) = 

— ( d Q l z °Qg )d z A dz = —iKuj where K = - A ^°a h j s the Gaussian curvature of the 
metric h and oj = ^ h 2 dz A dz is the Kahler form corresponding to the metric. 
Thus the equation (2.1) just reduces to I\ = . The right hand side is a 

smooth function on the Riemann surface. We know that as long as \ 1 p 2 \h < IV’ilL 
there is a solution when the genus is > 1. In fact there exists a metric, in every 
conformal class, such that any arbitrary negative definite function can be admitted 
as a Gaussian curvature of a Riemann surface of genus >1 ||, ||, [[f(| . 

Let $ = dw. Also let ipi = mp 2 • where v is a function. This is possible since 
r tpi , i />2 are both sections of the same line bundle. Then equation (2.2) becomes 
AhW = = r where A h is the Laplacian induced by the metric h. 

We choose 1(2 arbitrarily. Now we choose v to be such that f M ^|^ 2 | \h 2 dzdz = 0 
and |^ 2 1 \ < |Vh |\ hold. By Hodge theory |jl2j there exists a Green’s operator G for 
the Laplacian such that w = Gt is a solution to equation (2.2). □ 


Proposition 2.2. Let L be a trivial line bundle on a compact Riemann surface 
of genus g = 1 then (2.1) — (2.3) have a solution with $ 7 ^ 0,$ yf 0. Thus A f is 
non-empty. 

Proof. Let us solve for the case of the case of the torus, g = 1. Let our torus be 
thought of as 0 < x < 2 tt and 0 < y < 2 tt with the endpoints identified. We take 
the metric on the torus to be ds 2 = dz <8> dz , i.e. h = 1. The equations are then as 
follows 

(2.1) F(A) = - l^l 2 -l*=»l 2 d g A dz = 0 

(2.2) 9$ = ^ 1 ^ 2 dz Adz 

(2.3a) A- \{4>dz) = 0 

(2.36) ™±+A-y ) dz^ = 0. 
where $ = (fdz — cfdz 
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Since we took the line bundle to be trivial, one solution would be to take 'hi = c\, 
4> 2 = cie lC2 ( z+z \ cj>dz = —ic 2 e~ lC2< ' z+z ^dz, A = -A^-dz where ci is a complex 
constant and C 2 is a real constant satisfying |ci| = \f 2 c 2 - 

Near this solution there is a 4-dimensional moduli space, see proposition ( 

□ 


2.3). 


Proposition 2.3. Let us consider the moduli spaces A4, Af, respectively. Sup¬ 
pose {A , <f>) is a point on the moduli space such that ^ is not identically 0. The 
(virtual) dimension of is 4g, and AA is infinite dimensional. The (virtual) di¬ 
mension of Af is 2g + 2. If either = 0 and fa or fa is zero (the vortex case) then 
the dimension of Af is ci(L) + g + 1 or c\{L) + g + 1, respectively. 


Proof. To calculate the dimension of S[^], we linearize equations (2.1) and (2.2) 
with equivalence class of d* fixed to obtain: 


(I) da = 0 

{II) dp 1 ’ 0 = 0, 


where (a,/3, 77 ) £ T p W and 77 = 77 1 ’ 0 + g 0 ’ 1 . Taking into account the gauge group 
action, we get dim[{a £ fl 1 (M, iR)|da = 0}/{a = df}] = 2 g. Also, dim [{?7 £ 
Q 1,0 (M,C)\dr] = 0}] = 2 g. Thus the dim[T p S[^j] = 4<?. 

A4 is infinite dimensional since T is not fixed. 

To calculate the dimension of Af let S be the solution space to (2.1) — (2.3). 
Consider the tangent space T V S at a point p = (A, \P, <I>) £ S, which is defined 


by the linearization of equations (2.1) — (2.3). 

fa 


Let X = {a fa, 7 ) £ T p S, where 


a £ fl 1 (M, «R) and (3 = 


fa 


£ T(M,L ® L), and 7 £ Tt. The linearizations of 


the equations are as follows 


( 2 . 1 )' 

( 2 . 2 )' 

(2.3)' 


da = -{fafa + fafa - fafa - fa fafa, 


dr/ 1 ’ 0 = -ifafafa + fafa fa, 


1 


— \(j)dz 

ico 

' fa ' 


r 

2 y 

—a 

fa 

d + A 

- 1 

'ICM 

1 

. fa 

1 

a 

—1 

0 

"V 

'ICM 

1 

. fa 


= 0. 


Taking into account the quotient by the gauge group Q, we arrive at the following 
sequence C 


O-*- n°(M,«) fa 

where C = L®L,V = {L® fl°’ 1 (Af)) ® {L <g> f2 1 , 0 (M)), 

~ fa ~ 


dif = (d/,-/T, 0 ), d 2 (a, 


fa 


r(M, c)®nfan 2 {M,n 

i) © (l ® n 1 ’°(7 

7 ) = {A,B,C), 


<n 2 {M, c)©v->o, 


A = dot — ^[{fafa+ fafa)_ - {fafa + fafa )]w £ Ll 2 {M,il 
B = 8 fa 0 + i {fafa + fafa fa £ n 2 {M, C) 

r -LAP 
c = 


— \<f>dz {d — A) 

' fa ' 

I 

r 

2 / 

—a 

fa 

{d + A) —A(j)dz 

. fa . 


a 

2 / J 

. fa . 


£ V. 
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It is easy to check that d 2 d\ = 0, so that this is a complex. Clearly, H°(C) = 0 , 
because if / £ ker(di ), then df = 0 and /’F = 0 , which implies / = 0 since we are 
in the neighbourhood of a point where ^ 0 . 

The Zariski dimension of the moduli space is dimH 1 (C) while the virtual dimen¬ 
sion is dim H l (C)— dim H 2 (C), and coincides with the Zariski dimension whenever 
dimH 2 (C) is zero (namely the smooth points of the solution space |^l|, page 66 ). 
The virtual dimension is = dimH 1 (C) — dimH 2 (C) = index of C. 

To calculate the index of C , we consider the family of complexes (C 4 ,g? 4 ), 0 < 
t < 1 , where 


d\ 


(df, -tf$, 0), d 2 (a, 


Pi 

P2 


> 7 ) — ( A t ,B t , Ct), 


A t = da - f [(ipiPi + Mi) - (i>2p2 + M2)]ui, 
B t = ay 1,0 +_f (4_/3 2 + M2)v, 


Ct = 

— |pdz (d — A) 
d + A —!<; bdz 

' Pi ' 

P2 . 

~\~ t 

-h 0A -a 1 
a -14’° 

4 

4 

Clearly, md(C 4 ) does not depend on t. 

The complex C° (for t = 0 ' 


0 -► iR) ^ n x {M, iR) © T(M, £) 0 H $ H 2 (M, iR) 

®fi 2 (M,c)©y->o 


where d[f = (df, 0 , 0 ), d' 2 (a, p,+) 

= (da, a /3). 


Here Da = 


0 d-A 
d + A 0 


C° decomposes into a direct sum of three complexes 

(a) 0 -> fl°(X, iR) 4 I2 1 (M,iR) 4 fl 2 (M, iR) -> 0, 

(b) 0 -> n\M, iR) 4 O 1 -!(M, iR) -> 0 

(c) 0 -> T(M, S) ^4 T(M, 5") -► 0, where S = A © A, S’ = (A ® K) © (A © A"). 

dim iJ 1 (complex (a))= 2g, dim H 1 (complex (b))= 2 g. 

The complex (c) breaks into two complexes as follows 

(cl) 0 -► T(M, A) 44 T(M, A © A") -> 0. 

(c2) 0 -+ T(M, A) 44 T(M, A © A") -► 0. 

(cl) comes from the equation (d + A)tpi = 0. Taking complex conjugate one 
gets (d + A)^i = 0 which is the holomorphicity of a section of A. Thus the first 
complex in (c) can be rewritten as 

(cl) 0 -f T(M, A) 44 T(M, L®K)-> 0. 

By Riemann Roch, the index of (cl) is (ci(A) — 3 +1) and that of (c2) is (ci(A) — 

3+1) and thus the sum is 23 + 23 + ci(A) — 3 + 1 + Ci(A) — g + 1 or 23 + 2 . If 

4 = 0 then the dimension is 2 3 + ci(A) — 3 + 1 = ci(A) + 3 + 1. If 4 = 0 then the 
dimension is ci (A) + 3 + 1. □ 


Note: For simplicity of the exposition (to avoid writing the norms explicitly in 
terms of the metric H) we choose A = A -1 , so that ||4|| 2 , ||4|| 2 ! < 442 >€ 
C°°(M,C) are well defined. Thus throughout the rest of the paper, we shall drop 
the subscripts H in equation (2.1) — (2.3). We must mention that this assumption 
is not essential, but it is just to make the exposition simpler. 
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3. SYMPLECTIC AND ALMOST COMPLEX STRUCTURES 


In the next theorem we discuss symplectic and complex structures on J\f. For 
similar work on the vortex moduli space, see ||] , |ll| . 

Let C = A x T(M, L © L) x H be the space on which equations ( 2 . 1 ) — ( 2 . 3 ) are 
imposed. Let p = ( A , dy $) e C, X = (ai,/ 3 ,71), Y = (0(2,77,72) £ T p C. On C one 
can define a metric 


g(X,Y) = / *ai A o 2 + / Re<P,r/>Lo+ *71 A 
Jm Jm Jm 


72 


and an almost complex structure T = 


■ T p C 


T p C where * : 


* 0 0 0 

0 i 0 0 

0 0 -* 0 

0 0 0 * 

fl 1 —> O 1 is the Hodge star operator on M (which takes type dx forms to type dy 
and dy to — dx , i.e *(rjdz) = —ipdz, *(rjdz) = irjdz ). We define 


Cl(X, Y) 

where I = ^ 

following: 


0 

—i 


I oi A 02 + / Re < 1 ( 3 , r) > lo — / 


7 i A 72 


m Jm Jm 

such that g(IX,Y) = f l(X,Y). Moreover, we have the 


Proposition 3.1. The metrics g, the symplectic form Cl, and the almost complex 
structure T are invariant under the gauge group action on C. 

Proof. Let p = (A, T, d>) £ C and u £ G, where u ■ p = (A + u~ 1 du, it _1 \I/, $). 

Then it* : T p C —> T u . p C is given by the mapping (Id, rt -1 , Id) and it is now easy 
to check that g and Cl are invariant and T commutes with 71*. □ 


Proposition 3.2. The equation ( 2 . 1 ) can be realised as a moment map g = 0 with 
respect to the action of the gauge group and the symplectic form Cl. 


Proof. Let £ £ Cl(M,iR) be the Lie algebra of the gauge group (the gauge group 
element being u = e^ ); It generates a vector field on C as follows : 

X C (A, , <h) = (dC, -c*. 0) £ T p C,p = (A, , $) € C. 


rr 77 f , .(l^l| 2 -|V’ 2 | 2 ) , 

H dP) = (-(Fa- *-X-w). 

J M z 


We show next that Xq is Hamiltonian. Namely, define Hq : C —> C as follows: 

.(i^i 2 -iV’ 2 r 

s • FA - 'l 

IM 

Then for X = (o,/ 3 ,7) £ T p C. 


> u 


dH^(X) = / (da — i / (Re(if 1 Pi - 

J m Jm 

= f (—d£) A a— j Re < I( 

Jm Jm 

= n(x c ,x), 

where we use that £ = — £. 


ifl 


' Pi ' 

. 


. A. 
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Thus we can define the moment map p : C —> f2 2 (M, iffi.) = Q* ( the dual of the 
Lie algebra of the gauge group) to be 


p(A,*) = (F(A) 




Thus equation (2.1)) is p = 0. 


□ 


Lemma 3.3. Let S be the solution spaces to equation (2.1) —(2.3), X £ T p S. Then 
XX £ T p S if and only if X is orthogonal to the gauge orbit O v = G ■ p. 

Proof Let X f e T p O p , where C € fi°(Af, +«), g(X, X c ) = -f2(TX, X ( ) = - f M (■ 
d/u(XX), and therefore XX satisfies the linearization of equation (2.1) iff dp(lX) = 
0, i.e., iff g{X,X(f) = 0 for all (. Second, it is easy to check that XX satisfies the 
linearization of equation (2.2), (2.3) whenever X does. □ 


Theorem 3.4. A f has a natural symplectic structure and an almost complex struc¬ 
ture compatible with the symplectic form fi and the metric g. 


Proof. First we show that the almost complex structure descends to A f. Then using 
this and the symplectic quotient construction we will show that Q gives a symplectic 
structure on A f. 

(a) To show that X descends as an almost complex structure we let pr : S 

S/G = AT be the projection map and set [p] = pr(p). Then we can naturally identify 
T[ p ]J\f with the quotient space T p S/T p O p , where O p = G p is the gauge orbit. Using 
the metric g on S we can realize TLi Af as a subspace in T p S orthogonal to T p O p . 
Then by lemma 3.3, this subspace is invariant under X. Thus I [ p ] = X\ Tp ^ 0p ^±, gives 
the desired almost complex structure. This construction does not depend on the 
choice of p since X is G-invariant. 

(b) The symplectic structure f l descends to p~ 1 {0)/G, (by proposition 3.2 and by 

the Marsden-Wienstein symplectic quotient construction , Q , Q , since the leaves 
of the characteristic foliatio n are the gauge orbits). Now, as a 2-form f l descends 
to J\f, due to proposition ( 3T) so does the metric g. We check that equation 
(2.2), (2.3), does not give rise to new degeneracy of (i.e. the only degeneracy of 
il is due to (2.1) but along gauge orbits). Thus f l is symplectic on J\f. Since g and 
X descend to M the latter is symplectic and almost complex. □ 


3.1. Hyperkahler structure in the moduli spaces A4 and £$. We recall 
that we realised equation (2.1) as a moment map. To realize the equation (2.2) as 
a moment map we first rewrite the second equation as 

( 2 . 2 ) 25 $' =>hw 

where = —icfdz+icfdz £ fl 1 (M, K.). We rename as 4>. This notation 

will be valid only in this section where we do not consider equation (2.3). We need 
to define another symplectic form Q on C, which is complex-valued, 

Q(X, Y) = -2 f M oq’ 1 A 72 1 ’ 0 + 2 f M af 1 A yj’ 0 - f M (Pl/3% - PfPl V where X = 
(ai,/?i,7i), Y = (a 2 ,/ 3 2,72) € T p £. 

Proposition 3.5. The vector field X^ induced by the gauge action is Hamiltonian 
with respect to the symplectic form Q. 
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Proof. Define the Hamiltonian to be H^(A, ip, <f>) = Jm C( 25 $ + ipiip 2 w), where 
f € Cl(M,iR). Then for X = (a,/?2>7) G T p £, 


dH c (X ) 



C(2^7 + {fi\ip 2 + Vh/JfV) 


2 [ -d(Aj+ [ (C/?2^2 + CVh/^V 

J M J M 

2 [ -<9CA7 + [ {-feCfo + C^i/3|V 

Jm 

Q(x 0 x). 


where = (d£, — £$, 0 ). Thus we can define the moment map of the action with 
respect to the form Q to be : yxg = 29 $+ < ipi,ip2 > u. Thus equation ( 2 . 2 ) is 
precisely /xg = 0. □ 


Proposition 3.6. The configuration space C has a Riemannian metric 
g(X,Y)=f M *Oi A 02 + /m Re < fix, (32 > ijJ + f M * 7 i A 72, 


where X = (oi,/ 3 i = 


0i 

Pi 


,71), Y = (a 2 ,02 = 


02 


,72) G T p C, 


and three complex structures 
T = 


* 

0 

0 


' 0 

0 

* 


' 0 

0 

-1 ' 

0 

/ 

0 

, J = 

0 

J 

0 

, AC== 

0 

K 

0 

0 

0 

— * 


* 

0 

0 


1 

0 

0 


where I = 


i 0 
0 -i 


J = 


0 

-1 


and K = 


0 


f and * : fi 1 (Af) 


0 1 (M) is f/ie Hodge-star operator. They satisfy TJ = /C , JK = T , and KT = 
J. The three symplectic structures u)i(X,Y) = g(TX,Y), L02(X,Y) = g{JX,Y), 
u>3(X, Y) = g()CX, Y) are such that u 2 + iu 3 = Q. 


Proof. 


MX, Y) 
MX, Y) 
MX,Y) 


ai A 02 + / Re < J/ 3 i, /?2 >u>+ 71 A 72 

Jm Jm Jm 


IM 


-71 A 02 - / Oi A 72 + / Re(/ 3 f/ 3 l - / 3 {/ 3 |)w 


'M 


IM 


- * 71 A 02 + / i?e < Kfii, / 3 2 > + / *«i A 72 


/M 


IM 


IM 


/ — * 71 A 02 + / Re{i( 3 l( 3 l + + / *ai A 72 

Im Jm Jm 
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so that indeed 

(cj 2 -\-ius)(X,Y) 


/ (-7i-**7 1 )Aa 2 + / [Re{(3lPl - Pl/3%) 

/ M J M 


iRe{if3if3l + */3j/3|)]w + / (—aq + i* aq) A 72 


-2/ (7i) 1 ’°A 

Jm Jm 

-2 [ (ai) 0 ’ 1 A 72 1 ’ 0 
Jm 

Q(X,Y). 


□ 


Let S = fi 1 (0) n Atg 1 (0) C £ be the solution space to the equations (2.1) and 
( 2 . 2 ), and denote by Ad = S/G the corresponding moduli space. 

Theorem 3.7. Let M be a compact Riemann surface of g > 1. Let Ai be the 
moduli space of solutions to equations (2.1) and (2.2). Then the Riemannian metric 
g induced by the metric on C is hyperkahlerian, and Ai is hyperkahler. 


Proof. Since X, J,1C, g and aq , Q are G-invariant, and Ai comes from a symplectic 
reduction, it follows that the symplectic forms aq, i = 1,2,3, descend to Ai as 
symplectic forms . Also, from the proof of theorem ( 3.4) and proposition ( 3.6) 
it follows that are well defined almost complex structures on Ad. To show 

that they are integrable, we use the following lemma of Hitchin (see |U). □ 


Lemma 3.8. Let g be an almost hyperkahler metric, with 2-forms uq, w 2 , W 3 cor¬ 
responding to almost complex structures T,J and 1C. Then g is hyperkahler if each 
LOi is closed. 


Theorem 3.9. Let M be a Riemann surface of genus g > 1. Fix the equivalence 
class of such that -i/q and ip 2 are each not identically zero and such that < 
> u> is d-exact. Then, E[^,] is hyperKahler affine manifold of dimension 4 g. 
Also, A4 = Sp x £[^j where Sp = {ip :< ipi, tf >2 > is d-exact.} 

Proof. On W one defines the same symplectic forms uq, w 2 and UJ 3 as in the previous 
section. On E[^j these forms restrict to 

w i[*] = ~ Jm a 1 A a 2 + f M 7 1 A 7 2 , 
w 2[ *j = - f M 71 A a 2 — f M ai A j 2 
w 3[*] = - J M *7i A a 2 + J M *aq A 72 

which are, by arguments same as in the previous section, hyperkahlerian with re¬ 
spect to the complex structures T\ = 

and to the Riemannian metric g(X, Y) = J M *ctq A a 2 + f M *71 A 72 where X = 
(ai, 7 i) and y = (a 2 , 7 2 ) e T p E[^]. □ 


,Ji = 


0 * 
* 0 


1C 1 = 


0 -1 

1 0 
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